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12 Suinmary of hesis

This thesis Concerns itself inain ly with random inser-

tions in balanced and unbalan ced tree structures. One of the

objectives is to Compare diffe rent tree structures by deriving

bounds on var1ous perfo rmance measures. The other interest is

primarily ma thematical; most of the analysis involve the fo rmu

lation and s0 luti0n of 1inear recu rrence re lations wi th vari-

ab le coefficients, and the solutions are not a lways routine,

SUnetimes even requirig the use of asymptotiC techniques.� � 

�{�2� �S�u�n�m�a�r�y� �o�f� �T�h�e�s�i�s� 
� � 

�T�h�i�s� �t�h�e�s�i�s� �c�o�n�c�e�r�n�s� �i�t�s�e�l�f� �m�a�i�n�l�y� �w�i�t�h� �r�a�n�d�o�m� �i�n�s�e�r�-� 

�t�i�o�n�s� �i�n� �b�a�l�a�n�c�e�d� �a�n�d� �u�n�b�a�l�a�n�c�e�d� �t�r�e�e� �s�t�r�u�c�t�u�r�e�s�.� �O�n�e� �o�f� �t�h�e� 

�o�b�j�e�c�t�i�v�e�s� �1�5� �t�o� �c�o�m�p�a�r�e� �d�i�f�f�e�r�e�n�t� �t�r�e�e� �S�t�r�u�c�t�u�r�e�s� �b�y� �d�e�r�i�v�i�n�g� 

�b�o�u�n�d�s� �o�n� �v�a�r�i�o�u�s� �p�e�r�f�o�r�m�a�n�c�e� �m�e�a�s�u�r�e�s�e� �T�h�e� �o�t�h�e�r� �i�n�t�e�r�e�s�t� �i�s� 

�p�r�i�m�a�r�i�l�y� �m�a�t�h�e�m�a�t�i�c�a�l�;� �m�o�s�t� �o�f� �t�h�e� �a�n�a�l�y�s�i�s� �i�n�v�o�l�v�e� �t�h�e� �f�o�r�m�u�~� 

�l�a�t�i�o�n� �a�n�d� �s�o�l�u�t�i�o�n� �o�f� �l�i�n�e�a�r� �r�e�c�u�r�r�e�n�c�e� �r�e�l�a�t�i�o�n�s� �w�i�t�h� �v�a�r�i�-� 

�a�b�l�e� �c�o�e�f�f�i�c�i�e�n�t�s�,� �a�n�d� �t�h�e� �s�o�l�u�t�i�o�n�s� �a�r�e� �n�o�t� �a�l�w�a�y�s� �r�o�u�t�i�n�e�,� 

�s�u�n�e�l�i�m�e�s� �e�v�e�n� �r�e�q�u�i�r�i�n�g� �t�h�e� �u�s�e� �o�f� �a�s�y�m�p�t�o�t�i�c� �t�e�c�h�n�i�q�u�e�s�.
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The thes is is base d on the four papers L5_7, L6_7, Z 39_7

and40_7. There are five chapters. The first chapter is

introductory. The contents of the others are summarl zed

be low.

The subje ct matter of Chapter Two is the generalized

Po lya-Eggenberger urn model. In this mode 1, an urn initially

A ball iscontains a given number of white and black balls.

selected at random f rom the urn, and the number of white and

black ba1ls added to (or taken away from) the urn depends on

the colour of the bali selected. Let Wn be the random vari-

able giving the nunber of white ba 1ls in the urn after n

dravs. A sufficient condition is derived for the asympto tic

normali ty, as , of the standardi zed random variable

correspond ing to Wn This result can be used to obtain the

distribution, under randam insertions, of binary and ternary

nodes at the lowest level in a 2-3 tree, thereby extending

tne first-o rder an a lys is of Yao [ 45_7, who looked only at

expected valueS.

Chapter 3 tries to de ve lop, in a very general frame-

Work, a Markov chain model of the random insertion process

in tree struc tures. The Markov chain is nanhomogeneous, and

the properties of the trans i tion matrix need to be care fully

SCrutinized in order to find the limiting probabi lity vector.� � 

�5�5�4�)�.� �3�=� 

�t�h�e� �t�h�e�s�i�s� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �f�o�u�r� �p�a�p�e�r�s� �{�3� �/�,� �r�a�e� �£�3�8�7� 

�a�n�d� �/� �4�0�_�7�-� �T�h�e�r�e� �a�r�e� �f�i�v�e� �c�h�a�p�t�e�r�s�.� �T�h�e� �f�i�r�s�t� �c�h�a�p�t�e�r� �i�s� 

�i�n�t�r�o�d�u�c�t�o�r�y�,� �T�h�e� �c�o�n�t�e�n�t�s� �o�f� �t�h�e� �o�t�h�e�r�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� 

�b�e� �l�o�w�e� 

�T�h�e� �s�u�b�j�e�c�t� �m�a�t�t�e�r� �o�f� �C�h�a�p�t�e�r� �T�w�o� �i�s� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� 

�P�o�l�y�a�-�E�g�g�e�n�b�e�r�g�e�r� �u�r�n� �m�o�d�e�l�,� �I�n� �t�h�i�s� �m�o�d�e�l�,� �a�n� �u�r�n� �i�n�i�t�i�a�l�l�y� 

�c�o�n�t�a�i�n�s� �@� �g�i�v�e�n� �n�u�m�b�e�r� �o�f� �w�h�i�t�e� �a�n�d� �b�l�a�c�k� �b�a�l�l�s�.� �A� �b�a�l�l� �i�s� 

�s�e�l�e�c�t�e�d� �a�t� �r�a�n�d�o�m� �f�r�o�m� �t�h�e� �u�r�n�,� �a�n�d� �t�h�e� �n�u�m�b�e�r� �o�f� �w�h�i�t�e� �a�n�d� 

�b�l�a�c�k� �b�a�l�l�s� �a�d�d�e�d� �t�o� �(�o�r� �t�a�k�e�n� �a�w�a�y� �f�r�o�m�)� �t�h�e� �u�r�n� �d�e�p�e�n�d�s� �o�n� 

�t�h�e� �c�o�l�o�u�r� �o�f� �t�h�e� �b�a�l�l� �s�e�l�e�c�t�e�d�.� �L�e�t� �w�h� �b�e� �t�h�e� �r�a�n�d�o�m� �v�a�r�i�-� 

�a�b�l�e� �g�i�v�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �w�h�i�t�e� �b�a�l�l�s� �i�n� �t�h�e� �u�r�n� �a�f�t�e�r� �n�a� 

�d�r�a�w�s�.� �A� �s�u�f�f�i�c�i�e�n�t� �c�o�n�d�i�t�i�o�n� �i�s� �d�e�r�i�v�e�d� �f�o�r� �t�h�e� �a�s�y�m�p�t�o�t�i�c� 

�n�o�r�m�a�l�i�t�y�,� �a�s� �n ��»�o�o� �,� �o�f� �t�h�e� �s�t�a�n�d�a�r�d�i�z�e�d� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �W�y�r�e� �T�h�i�s� �r�e�s�u�l�t� �c�a�n� �b�e� �u�s�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� 

�d�i�s�t�r�i�b�u�t�i�o�n�,� �u�n�d�e�r� �r�a�n�d�o�m� �i�n�s�e�r�t�i�o�n�s�,� �o�f� �b�i�n�a�r�y� �a�n�d� �t�e�r�n�a�r�y� 

�n�o�d�e�s� �6�t� �t�h�e� �l�o�w�e�s�t� �l�e�v�e�l� �i�n� �a� �2�-�3� �t�r�e�e�,� �t�h�e�r�e�b�y� �e�x�t�e�n�d�i�n�g� 

�t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �a�n�a�l�y�s�i�s� �o�f� �Y�a�o� �/� �4�5� �_�7�,� �w�h�o� �l�o�o�k�e�d� �o�n�l�y� �a�t� 

�e�x�p�e�c�t�e�d� �v�a�l�u�e�s�.� 

�C�h�a�p�t�e�r� �3� �t�r�i�e�s� �t�o� �d�e�v�e�l�o�p�,� �i�n� �a� �v�e�r�y� �g�e�n�e�r�a�l� �f�r�a�m�e�-� 

�w�o�r�k�,� �@� �M�a�r�k�o�v� �c�h�a�i�n� �m�o�d�e�l� �o�f� �t�h�e� �r�a�n�d�o�m� �i�n�s�e�r�t� �|� 

�i�n� �t�r�e�e� �s�t�r�u�c�t�u�r�e�s�.� �T�h�e� �M�a�r�k�o�v� �c�h�a�i�n� 

�t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �t�r�a�n�s�i�t�i�o�n� �m�n� 

�S�c�r�u�t�i�n�i�z�e�d� �i�n� �o�r�d�e�r� �t�o� �f�i�n�d� �t�h�e� 
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